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The nonstationary radiative interaction of two infinite plates is con- 

sidered. A numerical analysis of the thermal stabilization processes 

is given. 

Dynamic transfer processes, which take place very 
rapidly under high temperature gradients, often mani- 
fest themselves in the form of nonstationary thermal 
interaction. In this type of interaction it is possible 

to define the initial condition as being the moment at 
which separate sections of the medium, which have 
different temperature levels, come into thermal con- 
tact. 

The form of the thermal contact is determined by 
the nature of heat transfer at the contact, and also by 

the structure of the interacting media. 

']?he simplest example of such "incomplete" thermal 
contact is the nonstationary thermal interaction of two 

infinite plates in a high vacuum; in this case, the main 
form of heat transfer is radiation Cobeying the Stefan- 
Boltzmann law), and the resulting heat transfer is 
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Fig. i. Radiative interaction 

of plates. 

defined by the C h r i s t i a n s e n  fo rmu la  [1]. In  convect ive 
heat  t r a n s f e r  a t h e r m a l  i n t e r ac t i on  occurs  be tween the  
oncoming  m e d i u m  and the su r f ace  of the body ( Newton's  
law). The p r e s e n c e  of s o - c a l l e d  " i n t e rmi t t ence"  in the 
contac t  r eg ion  evident ly  tends  to reduce  the i n t e r a c t i on  
effect. 

In the genera l  case ,  the coeff ic ient  for  the heat  
t r a n s f e r  o c c u r r i n g  in  th is  type of i n t e rac t ion  mus t  be 
a nons t a t i ona ry  c h a r a c t e r i s t i c  of the h e a t - t r a n s f e r  
p r o c e s s .  

However,  we can  expect that  s i m i l a r  condi t ions  a r e  
r ea l i z ed  e i the r  in  the in i t i a l  pe r iod  of i n t e r a c t i o n  of 
the bodies  or  for  the t h e r m a l  i n t e r ac t i on  of med ia  with 
sma l l  vo lumes ,  which have specif ic  heats  of the s ame  
o rde r .  

For  th is  r ea son ,  a deta i led  ana lys i s  is given below 
for the r ad ia t ive  i n t e r ac t i on  of two p l a n e - p a r a l l e l  p la tes  

of finite thickness, which have different thermophy- 
sical properties. 

Figure 1 shows a diagram of the thermal interac- 
tion between plates. The space between bodies 1 and 2 
is represented arbitrarily to show that nonstationary 
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Fig. 2. Thermal stabilization by 
radiation: i and 3 apply respec- 

tively to ~o l and 01 for ~12 = %; 
2 and 4 apply r e spec t i ve ly  to ~01 
and 01 for crl2 = 3.97 �9 10 -3 W / m  2 �9 

�9 deg 4. 

i n t e rac t ion  takes  p lace  accord ing  to the laws gove rn -  
ing rad ia t ive  heat  t r a n s f e r  be tween bodies s epa ra t ed  
by a d i a t h e r m a l  med ium.  

The s t a t emen t  of the p r o b l e m  which was c o n s i d e r e d  
in [1] is wr i t t en  as 

O~T~ (x, "0 1 OTa (x, "c) 

Ox ~ a 1 0 T 

O~T2 (x, z) 1 c3T~ (x, "c) 

OX 2 ct~ 0 z 

, R ~ x < O ,  

, O . . < x ~ R :  (1) 

OTa 
X ~  x ~=--~ =0, 

OT 
~ ' 1  - - 0 "  zl Ox x=0- 12 [T~C0, ~)--  r~ C0, ~)] = E~ C0, ~), 

~2 0T2 = 0 ,  
OX x=R 

-x .~  or2 [r](0, ~ ) - r ~ ( 0 ,  ~)] = e2(0, ~); C2) 
OX x = O ~  021 

Tl (x ,  O) = T, ,  T2(x  , O) = T2, (3) 

and is solved r i g o r o u s l y  by n u m e r i c a l  ana lys i s .  
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The fo rma l  solut ion to the p rob lem,  obtained in 
[1] and desc r ibed  in t e r m s  of the t e m p e r a t u r e  in an 
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Fig.  3. Effect of the d imens ions  of i n t e r ac t i ng  
bodies on t h e r m a l  s t ab i l i za t ion :  1) R 1 = R2 = 

= 0 . 1 m ;  2) R 1= R2= 0.5 m.  

a r b i t r a r y  c r o s s  sec t ion  Ti(x, T) and of the r e su l t i ng  
rad ia t ion  dens i ty  El(0, ~), has the fo rm 

T,(x, ~) = T, + ~ - ~  • 
0 n=l  

• [R + ( - - l y  +~ X]'exp [-- ~i n ~ (z - -  t)]] E i (0. t) dt, (4) 

o2 i ['+ 
0 

a~ ) 4  
+ 2  E exp[-- l~2n2(~--t)]]  E~(0, t ) d t  

n~ l  

al • 
- -  T I +  X~R 

i " )4} • [1+2 E e x p  [ - -~xn ' (~- - t ) ] ]  E,(O, t ) d t  , (5) 

0 n=l  

where #i = 7r2ai/R~ (i = 1, 2) .  
On conver t ing  (4) and (5) to d i m e n s i o n l e s s  fo rm we 

obtain 

0~(~, ~ ) =  1-F Vh 5 {1+2 i ( ~ l ) ~ c ~  x 
0 n = l  

• (1+(--1)/+1~) X exp [ - - t~ in2(~- - t ) ] }  q~(t)dt, (6) 

w(~)=62{1--~2  [ 1 + 2 ~  exp[--  
0 n=l  

- -  ~2 n~ (z t)]] X (P (t) dt }4__ 

- - 6 , { 1 + ~ h ; [ 1 + 2 ~  • 
0 n~ l  

• Cxp [ -  ~ . ,  ( ~ -  0] ]  ~ (t)m },. (7) 

Here 

Og Tl(%, x). El(O, g) - _ _ ,  v(~)= 
T, ol~(T~--T~) '  

T 4 i ai a12 T~ - -  T 4 
4 4 ; ~ i  

T2 - -  T1 Xi R T~ 
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x (r = 1, z). ~ = ~  

The non l i ne a r  in teg ra l  equat ion (7), which is shown in 
d i sc re t e  form,  r educes  to a s y s t e m  of non l inea r  a lge-  
b ra ic  equat ions in go(7) and is solved n u m e r i c a l l y  with 
Wegs te in ' s  method [2], a modif ica t ion  of the f ami l i a r  
Newton method.  The values  for  the d i me ns i on l e s s  r e -  
sul t ing r ad ia t ion  dens i ty  g0(T) obtained in  this  m a n n e r  
a re  then used in exp re s s ion  (6) to ca lcu la te  the d imen-  
s ion le s s  t e m p e r a t u r e s  0i(~, r) in any pla te  c r o s s  s ec -  
t ion.  All  ca lcu la t ions  were  p e r f o r m e d  on a computer .  

F igure  2 shows the r e s u l t s  obtained f rom ca lcu la t -  
ing the d i m e n s i o n l e s s  values  of the r e su l t i ng  rad ia t ion  
dens i ty  go(Fo l) and the t e m p e r a t u r e  01(Fo 1) as funct ions  
of the F o u r i e r  n u m b e r  Fo 1 = (kl/clpi) ( r /R2) ; th i s  applies 
to the case  Of nons t a t i ona ry  rad ia t ive  i n t e r a c t i on  of 
p l a t e s (R  l = R 2 = R = 0.01 m,  a 1 = X1/c lp  I = 0.324 m2/hr ,  
T 1 = 300 ~ K, a 2 = X2/c2p 2 = 0.045 m2/hr ,  T 2 = 1500 ~ K), 
whose r e su l t i ng  e m i s s i v i t y  is a12 = 5.67 �9 10 -8 W / m  2 �9 
�9 deg 4. 

Calcula t ion  r e su l t s  a re  a lso  given for the i n t e r ac t i on  
of the s ame  pla tes  but whose su r f aces  pos se s s  a much 
lower  e m i s s i t i v i t y  ~12 = 3.97 �9 10 -s W / m  2 �9 deg 4. Com-  
pa red  to the second case  (curves  2 and 4), t h e r m a l  
s t ab i l i za t ion  takes  place within a much sho r t e r  t ime  
in t e rva l  in  the f i r s t  case  (curves  1 and 3). 
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Fig.  4 .  Effect of the d imens ions  of 
i n t e r ac t i ng  "thin" bodies  o n t h e r m a l  
s t ab i l i za t ion :  1) R 1 = R 2 = 0.01 m;  

2) R I = R  2= 0.05 m. 

We use the r e s u l t s  obtained to find the value of an 
a r b i t r a r y  coeff ic ient  of rad ia t ive  heat  t r a n s f e r .  S imi -  
l a r l y  to the coeff ic ient  of convect ive  heat  t r a n s f e r  
(which also is a pu re ly  a r b i t r a r y  concept) the coeff i -  
c ient  of r ad ia t ive  heat t r a n s f e r  is  defined by  the r e -  
la t ionship  

a ( x ) -  E(0, T) _ (~12 [T~(x)--T4~(z)] (8) 

T 2 (T) - -  T 1 (x) T~ (~) - -  T, (~) 

We use  a(T) to conver t  the r e s u l t s  ( s i m i l a r  to those  
obtained above) for  a I --- 0.612 m2/hr ,  T 1 = 300 ~ K, a 2 = 
= 0.0636 m2/hr ,  T2= 1500 ~ K, and~12= if0; we then 
obta in  the c r i t e r i a l  dependence  Bi = f ( F o ) .  Here Bi = 
= c~ R/X is  the Biot n u m b e r ,  cons t ruc t ed  with r e spec t  
to one of the i n t e r ac t i ng  bodies .  As is  c l e a r  (Fig. 3), 
the re  is a c h a r a c t e r i s t i c  r e l a t ionsh ip  r e f l ec t ing  the 
dec rea se  in  values  of Bi I and, consequent ly ,  of a 1 for 
a heated body with t i m e  (Fol).  As the d imens ions  of 
the in t e rac t ing  bodies i n c r e a s e ,  the t h e r m a l  s t ab i l i z a -  
t ion p r o c e s s e s  a re  r e t a r d e d  somewhat .  The na tu re  of 
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the relationship Bi t =f(Foi) is unusual for relatively 
"thin" bodies (Fig. 4). In this case, an extremum is 

present on the curve Bi I = f(Fot), whose position shifts 

toward larger Fo I as the dimension of the interacting 

plates increases. This feature is due to a and, con- 

sequently to, Bi I. It is apparently explained by "re- 
flection" of the thermal fluxes from an insulated sur- 

face of the plate. This effect becomes particularly 

noticeable for thin plates, as well as for plates with 

high thermal conductivity. 

On the whole the weak dependefice of the Blot num- 

ber on time in almost the entire range of the thermal 

stabilization process is notable. Despite the fact that 

strong radiative interaction is clearly defined in the 

initial stage of thermal stabilization (see Fig. 2), the 

kinetics of change in the Blot number are in the nature 

of a sluggish and prolonged process. Here, the rate of 

decrease in Bi I is less in the initial stage than in the 

later stage. 

The above discussion explains to a certain degree 

why the widely used quasi-stationary methods of cal- 

culating nonstationary heat transfer result in satisfac- 

tory agreement with experiment. 

At the same time the preliminary results presented 

above provide a basis for performing more detailed 

de te rmina t ions  of a(~') when t he r e  is a d is t inc t  t h e r m a l  

in te rac t ion .  

NOTATION 

ai  denotes  the t h e r m a l  diffusivi ty  coeff ic ients ;  1- is  
the t ime ;  E i denotes the r e s u l t i n g  r ad ia t ion  dens i t i e s ,  
i = 1, 2; o'12 = o-21 a re  the r e s u l t i n g  e m i s s i v i t i e s  of the 
plate;  X i denotes the t h e r m a l - c o n d u c t i v i t y  coeff ic ients  
for the plate;  R i denotes  the plate  th ickness ;  T i is the 
in i t ia l  plate  t e m p e r a t u r e ;  ~ is a d i m e n s i o n l e s s  co-  
ord ina te ;  0 i is the d i m e n s i o n l e s s  t e m p e r a t u r e ;  r is 
the d i m e n s i o n l e s s  r e su l t i ng  r ad i a t i on  dens i ty ;  Fo i = 
= (ki/ciPi)('r/R 2) is the Fourier number; Bi i = aiRi/k i 
is the Blot number. 
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The temperature distribution is indicated through directly measurable 
values from consideration of convection equations for the steady-state 
process. The impossibility of stabilization of the interface when the 
extraction rate changes is shown. 

A. V. Stepanov has proposed  a m e t h o d f o r p r o d u c i n g  
a r t i c l e s  d i r e c t l y  f rom a mel t  [1]. 

Var ious  a r t i c l e s  made f rom a n u m b e r  of m a t e r i a l s  
a re  now be ing  produced  with th is  method [2, 3]. Which 
ba s i ca l l y  is as follows. The mel t  co lumn is  given the 
d e s i r e d  shape (see  f igure) ,  and f in ished a r t i c l e  is 
obtained by c r y s t a l l i z a t i o n  of the co lumn.  The i m p o r -  
t ance  of ca lcu la t ion  of the pos i t ion  of the c r y s t a l l i z a -  
t ion  f ront  is  obvious he re .  This  p r o b l e m  is a lso of 
i n t e r e s t  fo r  the Czochra l sk i  method.  

The t h e r m a l  condi t ions  of the p roces s  for a s p e c i -  
fied t r a n s i t i o n - b o u n d a r y  pos i t ion  a re  ca lcu la ted  in 
this a r t i c l e  in an approx imat ion  of a o n e - d i m e n s i o n a l  
t h e r m a l  p r o b l e m  with convect ion .  

The cool ing s chemes  can  va ry  [3]. We a s s u m e  that  
heat  t r a n s f e r  occurs  only due to i n t e r n a l  t h e r m a l  con-  
duct ivi ty .  The coord ina te  s y s t e m  is shown in  the f igure .  

We ignore  change in the phys ica l  c h a r a c t e r i s t i c s  of 
the m a t e r i a l  on e i the r  s ide  of the phase  in te r face .  

The equat ions  of the p r o b l e m  are  [4] 

0 ~'~ a~ 02~1 
O~a-Fu . . . .  O, O ~ < x ~ X ( t ) ,  (1) 
Ot Ox Ox ~ 

0 ~  +uO~--a2 020"~ =0,  X(t)~x. (2) 
Ot Ox Ox ~ 

At the boundary ,  we have 

~,  ( x ,  t) = ~ , ( x ,  t) = To, (3) 

{o o oeq =x=L,,p+Lp dx 
K \Ox  Ox ] d---t' (4) 

#1(0, t) =Tin. 

The s i m p l e s t  case  of the s t ab i l i za t ion  p r o b l e m  
c ons i s t s ,  with s t e a d y - s t a t e  ex t r ac t ion  and the re fo re  
with a fixed in t e r f ace ,  of m a i n t a i n i n g  the pos i t ion  of 


